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A conical topological defect is the result of translational and/or rotational deformations
of spacetime, in particular the Burgers vector describes the translational deformation. Such
a configuration represents a discontinuity, that cannot be removed by coordinate trans-
formations, and is related to the spacetime torsion. Using the Teleparallel Equivalent of
General Relativity (TERG), a gravitational theory that is dynamically equivalent to Gen-
eral Relativity (GR), we investigate the consequences of assuming a discrete Burgers vector
on the geodesic motion of particles around a static conical defect. The result is a helical
geodesic motion of a test particle around the defect, with a discrete step that depends on
the magnitude of the dislocation.
I. INTRODUCTION
Defects in crystals and metals may occur in three forms: point, linear or planar defects. The
linear defects are caused by translational (dislocation) or rotational (disclination) distortions. It
was soon realized that such defects in a lattice could be applied to gravitation. For instance, cosmic
strings can be interpreted as topological defects in spacetime [1–3]. The more general spacetime
defects solutions were constructed using the Volterra process [4] by Puntingam and Soleng [5].
Linear defects in crystals occur when an irregularity in the arrangement of their atoms is
present. This feature takes place in a discrete lattice. However, in a continuous limit the torsion
is responsible for such linear defects [6, 7]. In the context of the General Relativity (GR), a
spacetime containing a defect is locally flat, but not topologically flat, i.e., the curvature tensor
is null everywhere except on the defect itself. Therefore alternative theories of gravitation that
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2take into account the torsion tensor become relevant to the comprehension of topological defects
in spacetime [8]. Two of such theories are Einstein-Cartan (EC) theory [9, 10] and the Teleparallel
Equivalent of General Relativity (TEGR) [11]. In the first one both curvature and torsion are
non-vanishing quantities that plays an important role in the dynamics of spacetime. Actually in
such an approach the torsion is a consequence of the spin of the matter field. On the other hand,
in the framework of TEGR the torsion is entirely responsible by the dynamics of the spacetime,
thus the vanishing of torsion implies Minkowski’s spacetime. The main advantage of TEGR is the
existence of a well defined expression for the gravitational energy-momentum tensor [12]. This
former alternative gravitational theory seems to be more suitable to study a spacetime dislocation
which is directly associated to the torsion tensor. It should be noted that the torsion is non-
null even outside the defect, thus an experimental approach could reveal the true origin of the
gravitational field. In this sense the quantization of Burgers vector has been used as an attempt
to introduce the Planck’s constant into the structure of spacetime [13–15]. In fact the Plank length(
~G
c3
)1/2
was understood as a fundamental scale of the defect. This geometric assumption led to
a quantization of the intrinsic angular momentum in the EC theory [15]. In this paper, this same
assumption is made which leads to the possibility of a discrete gravitational energy.
This paper is divided as follows. In section II we present the TERG and briefly discuss the
tetrad fields, explicitly writing the gravitational energy-momentum vector from the Lagrangian
formulation of the theory. In section III we present the conical defect that will be considered
in this paper and the vector that describes the defect intensity and distortion direction, called
Burgers vector in solid state. Then we calculate the total energy of the conical defect considered
(contains dislocation and disclination) and compare it with the energy of pure dislocations and
pure disclinations. The geodesic equations for a massive particle in the presence of the conical
defect are then obtained. In section IV we pursue the main goal of this article, i.e., to obtain a
discrete observational parameter for the particles in the presence of a discrete defect. Also in
this section, we obtain a discrete relation for the variation of the classical kinetic energy of the
particle. Finally, in section V we present our final comments regarding the results obtained and
the possibility of the existence of a discrete gravitational energy for the defect.
Notation: Greek letters µ, ν, . . . denote spacetime indices and Latin letters a, b, . . . denote SO(3,1)
indices, both running from 0 to 3. Time is indicated by the spacetime indice 0 and local indice (0)
and space by the spacetime indices i = 1, 2, 3 and local indices (i) = (1), (2), (3). The tetrad field is
indicated by ea µ. Minkowski’s flat metric tensor ηab raises and lowers the local indices and the
3metric tensor gµν raises and lowers the spacetime indices. The geometrized unit system G = c = 1
is utilized unless otherwise stated.
II. TELEPARALLELISM EQUIVALENT TO GENERAL RELATIVITY (TEGR)
Teleparallelism Equivalent to General Relativity is a gravitational theory in which the fun-
damental variables are the tetrad fields ea µ. This description is dynamically equivalent to GR
but allows the definition of both a gravitational energy-momentum vector and a gravitational
energy-momentum tensor.
Tetrads are reference frames adapted to preferred observers in spacetime, with the components
e(0) µ always tangent to the observer’s worldline. Therefore, in the observer’s rest frame, the
components e(0) µ may be identified with his four-velocity uµ. In the TEGR, tetrad fields are
auto-parallel, i.e.,
∇νea µ = ∂νea µ + Γλ µνea λ = 0 . (1)
Isolating the connection in the above equation, we arrive at
Γλ µν = ea λ∂νea µ . (2)
The above connection is the Weitenzenbo¨ck connection and, unlike the Christoffel symbols, it is
antisymmetric in the permutation of the last two indices. Thus yield a non-null torsion tensor
Tλ µν = Γλ µν − Γλ νµ , (3)
that can be written in terms of tetrads as
Ta µν = ea λTλ µν = ∂µea ν − ∂νea µ . (4)
The Weitenzenbo¨ck connection is related identically to Christoffel symbols 0Γµλν by
Γµλν =
0Γµλν + Kµλν , (5)
where Kµλν is the contortion tensor which is defined by
Kµλν =
1
2
(Tλµν + Tνλµ + Tµλν) . (6)
Then using this identity, the scalar of curvature of the Riemann space is written in terms of torsion
in Weitzenbo¨ck space as
eR(e) ≡ −e
(1
4
TabcTabc +
1
2
TabcTbac − TaTa
)
+ 2∂µ(eTµ) . (7)
4Therefore the Lagrangian density in the TEGR is constructed from a quadratic combination of the
torsion tensor
L = −keΣabcTabc − LM , (8)
where e ≡ det(ea µ), k = 116pi , LM is the Lagrangian density of the matter fields and
Σabc ≡ 1
4
(
Tabc + Tbac − Tcab
)
+
1
2
(
ηacTb − ηabTc
)
. (9)
The torsion trace is defined by Ta ≡ Tb ba. By varying the Lagrangian density (8) relative to the
tetrad field ea µ, we arrive at the field equations [12]
eaλebµ∂ν
(
eΣbλν
)
− e
(
Σbν aTbνµ − 14eaµTbcdΣ
bcd
)
=
1
4k
eTaµ , (10)
where eTaµ ≡ δLMδeaµ . The field equations (10) are dynamically equivalent to those of the GR, being
covariant under arbitrary Lorentz and coordinate transformations. In addition, the Lagrangian
density (8) is not invariant under local Lorentz transformations, only under global Lorentz trans-
formations and coordinate transformations, agreeing with the conditions specified by Møller [16].
The TEGR has a well established Hamiltonian formulation, with quantities such as the gravi-
tational energy-momentum and angular momentum well defined, and satisfying the Poincare´
group algebra. For a detailed discussion, see Ref. [12] and references therein.
The expression for the total energy-momentum of the spacetime required in this paper may
be obtained directly from the field equations (10), and this expression is in agreement with those
obtained in the Hamiltonian formulation of the theory. In order to obtain the energy-momentum
tensor for the gravitational field, we rewrite the field equations (10) as
∂ν
(
eΣaλν
)
=
1
4k
eea µ
(
tλµ + Tλµ
)
, (11)
where we define
tλν = k
(
4ΣbcλTbc µ − gλµΣbcdTbcd
)
. (12)
Using the fact that the tensor Σaµν is antisymmetric in the permutation of the last two indices,
differentiating the equation (11) with respect to λ and noticing that the left hand side will be zero,
we arrive at
∂0
[
eea µ
(
t0µ + T0µ
)]
= −∂i
[
eea µ
(
tiµ + Tiµ
)]
. (13)
5By integrating both sides of the above equation into the arbitrary three-dimensional volume V,
we obtain
d
dt
∫
V
d3x
[
eea µ
(
t0µ + T0µ
)]
= −
∮
S
dSi
[
eea µ
(
tiµ + Tiµ
)]
, (14)
where the surface S is orthogonal to ∂i and delimits the volume V. Equation (14) is a continuity
equation. Since the tensor T µν represents the energy-momentum of the matter-radiation fields,
the tensor tµν represents the energy-momentum of the gravitational field. Thus, the total energy-
momentum vector contained in the volume V is given by
Pa ≡
∫
V
d3xeea µ
(
t0µ + T0µ
)
. (15)
With the aid of the field equations (11), the above equation may be written as
Pa = −4k
∫
V
d3x∂µΣa0µ = −4k
∫
V
d3x∂iΣa0i = −4k
∮
dSiΣa0i . (16)
This expression is invariant under spatial coordinate transformations and time reparametrization.
It is also a vector under SO(3,1) symmetry, thus the zero component of Pa, which represents the
energy, assumes different values for different observers. The energy-momentum vector (16) shall
be used in the following section to evaluate the total energy-momentum of a spacetime containing
a conical defect.
III. CONICAL DEFECTS
A general conical defect depends on three constant parameters and may be written as [17]
ds2 = −(dt + αdφ)2 + dr2 + β2r2dφ2 + (dz + γdφ)2 .
The parameter α is related to the rotational characteristic of the defect and, in this paper, will
be considered zero, so the geodesic equations are parametrized with relation to the time t in
subsection III C. Therefore, considering α = 0 in the above equation, we arrive at
ds2 = −dt2 + dr2 + (β2r2 + γ2)dφ2 + dz2 + 2γdzdφ , (17)
where the coordinate φ is continuous at 2pi. The parameter γ is related to a dislocation and
the parameter β is related to a disclination. This metric is the asymptotic metric of a cylindrical
symmetric gravitational wave over a large radial distance [17, 18]. By making γ = 0, we retrieve
the metric of a cosmic string.
6In context of geometry, the defects may be modeled from step functions as
γ(r) =

γ0 , r > a ,
0 , r ≤ a ,
(18)
and
β(r) =

β0 , r > a ,
1 , r ≤ a ,
(19)
where the defect is obtained by making a → 0. It is worth noticing that we recover Minkowski’s
spacetime when γ = 0 and β = 1. The curvature tensor is zero everywhere outside the defect, but
not the torsion tensor. In order to evaluate the torsion tensor, we need to establish a reference
frame adapted to a spatially static observer in this spacetime, i.e., uµ = e(0) µ = (u0, 0, 0, 0). This
condition results in the observer measuring the gravitational effect without the interference of his
kinematic effects. A tetrad field associated with the line element (17) and adapted to a spatially
static observer is
eaµ =

−1 0 0 0
0 cos(φ) −r sin(φ)β(r) 0
0 sin(φ) r cos(φ)β(r) 0
0 0 γ(r) 1

. (20)
The non-null torsion tensor components (4) constructed from the tetrads (20) are
T(1) 21 = sinφ
(
1 − β − rβ′) , (21)
T(2) 21 = − cosφ (1 − β − rβ′) , (22)
T(3) 21 = γ′ . (23)
Outside the source r > a, we have β′ = γ′ = 0, but the torsion tensor still has two non-zero
components when β , 1, namely T(1) 21 and T(2) 21.
The following subsections are devoted to measuring the intensity and direction of the disloca-
tion, evaluating the gravitational energy and the geodesic equations of particles in the presence of
a conical defect.
A. Burgers vector
An otherwise closed loop in the flat Minkowski spacetime will fail to close in the presence of a
dislocation, i.e., a distortion caused by a translation. This closure failure of the loop may be used
7to measure the dislocation intensity and direction. The torsion is the dislocation density, thus by
integrating the torsion into a surface S that encompasses the defect, we obtain the defect intensity
b(i) =
1
2
∫
S
T(i) jkdx j ∧ dxk =
∮
C
e(i) jdx j , (24)
where ∧ indicates the exterior product and the curve C is the closed curve that bounds the surface
S. This vector has a dimension of length and in solid state is called Burgers vector. This vector
will be assumed to be the multiple of an integer in section IV. Using the tetrads (20), the Burgers
vector may be calculated trivially by choosing the contour as an orthogonal circle around the
longitudinal z axis, obtaining
b(i) =
∫ 2pi
0
e(i) 2dφ = (0, 0, 2piγ0) . (25)
Hence, the conical defect contains a dislocation on the z axis with an intensity proportional to
γ. The disclination intensity is measured by Frank’s matrices and is not the main concern of this
article. For a discussion of the Frank’s matrices, see Refs. [5, 19].
B. Gravitational energy
The total gravitational energy of the spacetime can be evaluated directly from equation (16).
After projecting the torsions (21-23) into the tangent space, we obtain the non-vanishing Σ(0)bc
components as
Σ(0)(0)(1) = cosφ
(
1 − β − rβ′
2rβ
)
, (26)
Σ(0)(0)(2) = sinφ
(
1 − β − rβ′
2rβ
)
, (27)
thus,
Σ(0)01 = eb 0ec 1Σ(0)bc =
1 − β − rβ′
2rβ
. (28)
The determinant is e = rβ, therefore the total energy is
E = P(0) =
1
4pi
∫
V
∂r
(
eΣ(0)01
)
=
1
8pi
∮
S
(
1 − β − rβ′)
=
(
1 − β0
4
)
L ,
(29)
8where L is the defect length. The energy per unit of length,
 ≡ E
L
=
1 − β0
4
, (30)
is finite. When the disclination disappears, i.e., β0 = 1, the total energy goes to zero. The result
(29) is the same of that of a pure cosmic string obtained in Ref. [11]. In the same reference the
energy for a pure dislocation (γ0 , 0, β0 = 1) is found to be zero, therefore we may conclude that
the energy of the two combined defects is the sum of the energy of the individual defects.
C. Geodesics
The non-vanishing Christoffel symbols 0Γλ µν for the conical defect (17) are
0Γ1 22 = −rβ20 , 0Γ2 12 =
1
r
, 0Γ3 12 = −γr ,
thus, the geodesic equations are
t¨ = 0 , (31)
r¨ − rβ20φ˙2 = 0⇒ r¨ − l2β20r−3 = 0 , (32)
φ¨ + 2r−1r˙φ˙ = 0⇒ l˙ = 0 , (33)
z¨ − 2γr−1r˙φ˙ = 0⇒ z˙ + γφ˙ = constant , (34)
where l = r2φ˙ is the angular momentum of the particle per unit of mass and the dots indicate
derivatives with respect to the proper time. For the line element (17), the angular momentum of
the particle is conserved and the proper time coincides with the coordinate time t. The dislocation
affects the particle longitudinal motion, since if γ , 0 ⇒ z˙ , constant and the disclination β0 < 1
may result in a periodic motion. The coupled equations (31-34) can be analytically solved with
the initial conditions r(0) = r0, r˙(0) = r˙0, φ(0) = φ0, z(0) = z0, z˙(0) = z˙0. Thus we obtain
r(t) =
1
r0
√(
r0r˙0t + r20
)2
+ l2β20t
2 , (35)
∆φ = φ − φ0 = 1β0 arctan
 lβ0tr20 + r0r˙0t
 , (36)
z(t) = z0 +
z˙0 + lγr20
 t − γ∆φ . (37)
The existence of a disclination, i.e., β0 < 1, implies the possibility of periodic motion over a time
period that depends on the disclination intensity. This fact can be perceived by inverting the
9equation (36) to
t =
r20 tan
[
β0
(
φ − φ0
)]
lβ0 − r0r˙0 tan
[
β0
(
φ − φ0
)] . (38)
The limit t → ∞, together with r˙0 = 0, in equation (36) lead to β0∆φ = pi/2. If β0 = 1 the particle
follows a straight line ∆φ = pi/2. However, if β0 < 1 the particle will follow a non-straight geodesic
and perform a closed orbit ∆φ = 2pi if β0 = 1/4. By defining an angle
θ ≡ β0∆φ , (39)
the orbit behavior may be analyzed for each β0 by mapping the maximum ∆φ that provides
θ = pi/2. Thus, we may have parabolic, closed and hyperbolic orbits, as shown in Figures 1, 2 and
3, respectively, for the initial conditions (in natural units)
r0 = 2 , l = 1 , φ0 = 0 , r˙0 = z0 = z˙0 = 0 . (40)
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FIG. 1: 2-dimensional parabolic orbit for β0 =
1/2.
-4 -2 2 X
-4
-2
2
4
Y
FIG. 2: 2-dimensional closed orbit β0 = 1/8.
Closed orbits in the presence of conical defects are always limited in time, thus in these cases
the particle escapes with an offset angle ∆Φ = φ(t = ∞) − φ0 at the exit given by the limit t → ∞
in the equation (36), yielding
∆Φ ≡ lim
t→∞∆φ =
1
β0
arctan
[
lβ0
r0r˙0
]
. (41)
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FIG. 3: 2-dimensional hyperbolic orbit β0 = 3/4.
From equation (41) we may conclude that when r˙0 = 0 and l , 0, the offset angle is always
pi
2β0
.
Therefore, a disclination intensity of a conical defect can be measured by releasing a particle, with
specific initial conditions, close to the defect and measuring its offset angle ∆Φ after a long period
of time.
The number of loops that the particle performs may be obtained from equation (36). In
the absence of a conical defect, a particle released with φ(t = 0) = 0 will escape at an angle
φ(t → ∞) = pi/2, performing 1/4 of a loop. Therefore, in the presence of a defect it is more
convenient to count the additional N loops to 1/4. It should be noted that N is not an integer a
priori. In the limit
lim
t→∞∆φ = 2pi (N + 1/4)
the number of additional loops N may be found as
N =
1
2piβ0
arctan
(
lβ0
r0r˙0
)
− 1
4
. (42)
Therefore, the number of loops performed by the particle depends on the disclination intensity β,
the initial radial position r0, the initial radial velocity r˙0 and the angular momentum of the particle
per unit of mass l. For a particle with zero initial radial velocity, the total number of loops depends
11
only on the dislocation intensity since
N =
1
4
(
1 − β0
β0
)
(43)
for r˙0 = 0. In the absence of topological defects, i.e., β0 = 1, the particle does not perform additional
loops as it is expected. Besides the orbit of particles around conical defects be always finite in
time, a large number of loops may be obtained by making β0 sufficiently small.
The longitudinal motion of a particle occurs in the presence of a dislocation. Thus, combined
with the circular motion caused by the disclination, the dislocation engender a helical motion for
the particle. The evaluation of the helices steps grants the possibility to measure the dislocation
intensity γ0. In the following section, we consider the three-dimensional motion described by a
particle in the presence of a conical defect with a discrete dislocation intensity.
IV. GEODESIC EFFECTS OF A DISCRETE BURGERS VECTOR
The concept of discrete dislocation intensity was introduced with the aim of bringing Plank’s
constant into gravitational theories in the pioneering works of Magnon [13], Ross [15], Sabbata
and collaborators [14]. As seen in the subsection III A, the dislocation intensity is measured by a
vector called Burgers vector. This vector has a dimension of length, therefore the Plank’s constant
was introduced postulating that this vector was an integer multiple of the Plank length. In this
section we assume the same hypothesis and verify the consequences of this assumption on the
visible parameters of the geodesic motion of a particle in the presence of the conical defect (17).
By imposing b = nb0, where n is an integer and b0 is the Plank length in natural units, we arrive at
γ0 =
nb0
2pi
, (44)
where γ0 =
b0
2pi
denotes the minimum possible intensity for a dislocation. It should be noted that
γ0 =
(
γ0
)
n , while b0 is a constant. This discrete intensity implies a discrete behavior in the motion
of a particle. If b = bn ⇒ γ = γn, then
z(t) = zn(t) = z0 + z˙0t +
 lr20 t − ∆φ
γn
= z0 + z˙0t +
 lr20 t − ∆φ
 b02pin . (45)
With the above expression, it is possible to evaluate the distance between a n′ step and the
immediately preceding step n′ − 1, i.e., ∆zn,n′ ≡ zn,n′ − zn,n′−1. In order to simplify the result, we
12
will restrict the analysis to the case r˙0 = 0, where
tn′ =
r20
lβ0
tan
(
2pin′β0
)
. (46)
Therefore,
∆zn,n′(tn′) =
z0 + z˙0 +  lr20 tn′ − 2pin′
γn
−
z0 + z˙0 +  lr20 tn′−1 − 2pi(n′ − 1)
γn
=
[
1
β0
{
tan
(
2pin′β0
) − tan [2pi(n′ − 1)β0]} − 2pi] b02pin . (47)
The distance between the steps increases with the number of loops n′, but it is always an integer
multiple of the Plank’s constant. If the Burgers vector is discrete, there is a minimum discrete
distance between two loops that depends on the intensity of the dislocation. The distance between
the loops increases with the number of steps n′, as shown in Figures 4 and 5 for the initial
conditions (40). The three-dimensional trajectory is helical as displayed in Figure 6. The intensity
of dislocation of a conical defect can then be determined by measuring the steps of the helical
motion of a particle released in the vicinity of that defect. Therewith, the excitation number n can
be determined if one knows the offset angle, hence β, and the initial conditions of the particle.
The presence of a dislocation γ directly affects the particle longitudinal motion, even when
z˙0 = 0. For a particle with initial conditions z0 = z˙0 = 0, the longitudinal velocity of the particle at
infinity can be obtained by differentiating the equation (45) and evaluating the limit t → ∞, thus
obtaining
z˙(t→∞) = l
r20
b0
2pi
n =
b0
2pi
φ˙0n . (48)
The presence of a non-null γ causes a longitudinal memory effect on a particle that depends only
on the particle initial angular velocity φ˙0 and on the excitation n of the defect. Therefore, if the
Burgers vector is an integer multiple of Plank length, the possible longitudinal velocities for a
particle are discrete when the defect no longer acts on the particle’s trajectory. An interesting fact
can be observed by assessing the classical kinetic energy of the particle. Initially, when t = 0, we
have
Ki =
1
2
(
r˙20 + r
2
0φ˙
2
0 + z˙
2
0
)
=
1
2
r20φ˙
2
0 (49)
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FIG. 4: Trajectory in the XZ plane for β = 1/100,
b0 = 1 and n′ = 1.
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FIG. 5: Trajectory in the XZ plane for β = 1/100,
b0 = 1 and n′ = 4.
and at infinity we have
K f =
1
2
(
r˙(∞)2 + r(∞)2φ˙(∞)2 + z˙(∞)2
)
=
1
2
l2β2
r20
+
b20φ˙
2
0
8pi2
n2 . (50)
Thus the variation of the kinetic energy is
∆K =
1
2
φ˙2r20
(
β2 − 1
)
+
b20φ˙
2
0
8pi2
n2 . (51)
The disclination of a conical defect always removes energy from the particle (since β2 − 1 < 0)
and the dislocation always provides energy to the particle. One of the most interesting results is
that the particle extracts a discrete amount of energy of the defect. The possibility that the energy
(and also angular momentum) acquired by the particle comes from the gravitational field had
already been contemplated in the case of a particle interacting with a gravitational wave [20, 21].
This possibility implies the existence of a discrete energy for the gravitational field of the defect
and, consequently, a discrete disclination intensity.
14
FIG. 6: Three-dimensional trajectory for b0 = 1, n = 4 and β = 1/100.
V. FINAL CONSIDERATIONS
This article is devoted to the comprehension of the idea of a discrete Burgers vector by analyzing
the geodesic motion of a particle around a conical defect, which can be a possible visible parameter
in experimental observations. The Lagrangian formulation of the TERG was revised in section II,
from which we extracted the total energy-momentum vector (gravitational field plus the defect)
in the form of the expression (16). In section III, we introduced the conical defect (17) that was
considered in this paper and described the gravitation effect of the defect through the spacetime
torsion, which produces regular expressions. Thereafter, the closure failure of a loop was calculated
at subsection III A and we evaluated the energy-momentum for the defect in subsection III B. This
procedure yielded the same result as for a cosmic string, i.e., the total energy per unit length of a
conical defect is the linear combination of the energy of its dislocation E = 0 and the energy of its
disclination E = (1− β)L/4. The geodesic equations of a particle in the presence of the defect were
solved in subsection III C and an observational parameter (41) was found to measure the intensity
of the disclination. The orbits of the particles are similar to those of a Newtonian central force,
but with the difference that the closed orbits are time-limited, i.e., the particle always escape the
defect after a finite time. Another interesting observational parameter related to the disclination
15
intensity is the total number of loops performed by a particle in a closed orbit before escaping.
Considering the energy density (30) and the number of additional loops (43), we obtain
 = βN . (52)
Therefore, by measuring the offset angle, hence β, and the number of loops, one may obtain the
energy density of a conical defect.
The effects of the disclination on the particle motion was considered in section IV from the
imposition of a discrete Burgers vector (44). The result was a helical motion with a discrete distance
between each loop. This discretization appears in the longitudinal velocity and consequently in
the kinetic energy of the particle at infinity, thus the energy of the particle varies with respect to a
discrete value which is the square of the defect length nb0.
The discrete variation of the particle’s longitudinal kinetic energy (second term on the right
hand side of (51)) may have two explanations: (i) the particle extracts energy from the defect,
therefore the energy of the defect must be discrete, i.e.,  = n ⇒ β = βn; or (ii) the defect removes
energy from the perpendicular direction of movement (first term on the right hand side of (51))
and transfers to the longitudinal motion, also implying β = βn. Thus, in both cases it seems that by
imposing a discrete parameter on the dislocation, the same discrete parameter naturally appears
on the disclination. Therefore, the relation
β0 = 1 − 2piγ0
Γ
⇔ γ0 = Γ2pi
(
1 − β0) (53)
where Γ is a parameter with dimension of length, should be verified. In this case, the disclination
intensity may also be written in terms of the Burgers vector length as
β0 = 1 − nb0
Γ
, (54)
thus the energy density becomes
n =
b0
4Γ
n , (55)
i.e., a discrete energy per unit of length. This fact may have consequences on the number of loops
performed by the particle as equation (43) becomes
N =
1
4
( n
Γ/b0 − n
)
. (56)
Therefore, the hypothesis γn → βn may be verified by analyzing a data set of particles and
searching for a discrete parameter n in the form of the equation (56).
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Despite the inherent experimental difficulties related to topological defects, the quantization
of Burgers vector provides an observable parameter. There are several attempts to construct a
quantum theory of gravity, such as the Loop quantum gravity (see Ref. [22] and references there
in), String theory (see Ref. [23] and references there in), Weyl quantization (see Ref. [24] and
references there in), but the idea of bringing the quantization through topological defects is a
simple and elegant manner, addressing the geometrical origin of the Plank’s constant as pointed
out by Ross [15].
The possibility of having an observational parameter like the geodesic motion can be of great
importance for the detection of topological defects and the possibility of a discrete intensity for
these defects. There are speculations about the existence of cosmic strings and other topological
defects, and several articles have recently dealt with the effects and interpretations of topological
defects [25–29]. One possibility is that topological defects have acted in the formation of structures
in our universe [30, 31], and the presence of these defects may influence some large-scale behaviors,
such as cosmic ray energy [32] and the structure of galaxies [33, 34]. Therefore, large structures in
our universe, such as galaxies, may provided experimental parameters for the analysis proposed
in this paper, in particular the possibility that the closure failure of a loop around the defect is a
multiple of the Plank length.
[1] A. Holz. Topological properties of linked disclinations and dislocations in solid continua. Journal of
Physics A: Mathematical and General, 25(1):L1, 1992.
[2] D. V. Gal’Tsov and P. S. Letelier. Spinning strings and cosmic dislocations. Physical Review D,
47(10):4273, 1993.
[3] D. G. B. Edelen. Space-time defect solutions of the einstein field equations. International journal of
theoretical physics, 33(6):1315–1334, 1994.
[4] V. Volterra. Sur l’e´quilibre des corps e´lastiques multiplement connexes. In Annales scientifiques de
l’E´cole normale supe´rieure, volume 24, pages 401–517, 1907.
[5] R. A. Puntigam and H. H. Soleng. Volterra distortions, spinning strings, and cosmic defects. Classical
and Quantum Gravity, 14(5):1129, 1997.
[6] B. A. Bilby, R. Bullough, and E. Smith. Continuous distributions of dislocations: a new application
of the methods of non-riemannian geometry. Proceedings of the Royal Society of London. Series A.
Mathematical and Physical Sciences, 231(1185):263–273, 1955.
[7] K. Kondo. Proceedings of the 2nd japan national congress for applied mechanics, 1952.
[8] P. S. Letelier. Spacetime defects: torsion loops. Classical and Quantum Gravity, 12(9):2221, 1995.
17
[9] H. H. Soleng. Spin-polarised cylinder in Einstein-Cartan theory. Classical and Quantum Gravity,
7(6):999, 1990.
[10] H. H. Soleng. A spinning string. General relativity and gravitation, 24(1):111–117, 1992.
[11] J. W. Maluf and A. Goya. Space–time defects and teleparallelism. Classical and Quantum Gravity,
18(23):5143, 2001.
[12] J. W. Maluf. The teleparallel equivalent of general relativity. Annalen der Physik, 525(5):339–357, 2013.
[13] A. M. R. Magnon. Spin-plane defects and emergence of plancks constant in gravity. Journal of
mathematical physics, 32(4):928–931, 1991.
[14] V. De Sabbata, C. Sivaram, H.-H. v. Borzeszkowski, and H.-J. Treder. Quantum general relativity,
torsion and uncertainty relations. Annalen der Physik, 503(7):497–502, 1991.
[15] D. K. Ross. Planck’s constant, torsion, and space-time defects. International Journal of Theoretical Physics,
28(11):1333–1340, 1989.
[16] C. Moller. Conservation laws in the tetrad theory of gravitation. In Proceedings of the Conference on
Theory of Gravitation, Warszawa and Jablonna, 1962. Gauthier-Villars, PWN-Polish Scientific Publishers,
1964.
[17] K. P. Tod. Conical singularities and torsion. Classical and Quantum Gravity, 11(5):1331, 1994.
[18] B. K. Berger, P. T. Chrusciel, and V. Moncrief. On” asymptotically flat” space-times with g2-invariant
cauchy surfaces. Annals of physics, 237(2):322–354, 1995.
[19] M. Kleman and J. Friedel. Disclinations, dislocations, and continuous defects: A reappraisal. Reviews
of Modern Physics, 80(1):61, 2008.
[20] J. W. Maluf, J. F. da Rocha-Neto, S. C. Ulhoa, and F. L. Carneiro. Variations of the energy of free
particles in the pp-wave spacetimes. Universe, 4(7):74, 2018.
[21] F. L. Carneiro, S. C. Ulhoa, and J. F. da Rocha-Neto. Energy-momentum and angular-momentum of a
gyratonic p p-waves spacetime. Physical Review D, 100(2):024023, 2019.
[22] C. Rovelli. Loop quantum gravity. Living reviews in relativity, 11(1):5, 2008.
[23] M. Blau and S. Theisen. String theory as a theory of quantum gravity: a status report. General relativity
and gravitation, 41(4):743–755, 2009.
[24] S. C. Ulhoa. On the quantization of the charge–mass ratio. General Relativity and Gravitation, 49(1):3,
2017.
[25] M. Hosseinpour, H. Hassanabadi, and M. de Montigny. The dirac oscillator in a spinning cosmic string
spacetime. The European Physical Journal C, 79(4):311, 2019.
[26] Z. Wang and C. Xu. Discussion on the geometric phase for an open two-level system in the cosmic
string spacetime with torsion. EPL (Europhysics Letters), 126(5):50005, 2019.
[27] A. Flachi and V. Vitagliano. Cosmic strings, deformed lattices and spontaneous symmetry breaking.
In Journal of Physics: Conference Series, volume 1275, page 012030. IOP Publishing, 2019.
[28] P. A. Millette. Bosons and fermions as dislocations and disclinations in the spacetime continuum.
Progress in Physics, 14(1):10–18, 2018.
18
[29] H. Kleinert. New gauge symmetry in gravity and the evanescent role of torsion. In Proceedings Of The
Conference In Honour Of Murray Gell-Mann’s 80th Birthday, pages 174–185. World Scientific, 2011.
[30] H. Brandenberger. Topological defects and structure formation. International Journal of Modern Physics
A, 9(13):2117–2189, 1994.
[31] R. Durrer, M. Kunz, and A. Melchiorri. Cosmic structure formation with topological defects. Physics
Reports, 364(1):1–81, 2002.
[32] R. J. Protheroe and T. Stanev. Limits on models of the ultrahigh energy cosmic rays based on topological
defects. Physical review letters, 77(18):3708, 1996.
[33] D. B. Thomas, C. R. Contaldi, and J. Magueijo. Rotation of galaxies as a signature of cosmic strings in
weak lensing surveys. Physical review letters, 103(18):181301, 2009.
[34] J. P. S. Lemos and P. S. Letelier. Topological defects from counter rotating disks. Physics Letters A,
153(6-7):288–290, 1991.
